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Abstract. For quasianalytic Denjoy-Carleman differentiable function classes 
where the weight sequence Q = (Qk) is log-convex, stable under deriva- 
tions, of moderate growth and also an £-intersection (see l|l,6jl ). we prove the 
following: The category of C^-mappings is cartesian closed in the sense that 
C Q (E,C Q {F,G)) ^C Q (E X F,G) for convenient vector spaces. Applications 
to manifolds of mappings are given: The group of C^-diffeomorphisms is a 
regular C"^-Lie group but not better. 



Classes of Denjoy-Carleman differentiable functions are in general situated be- 
tween real analytic functions and smooth functions. They are described by growth 
conditions on the derivatives. Quasianalytic classes are those where infinite Taylor 
expansion is an injective mapping. That a class of mappings S admits a conve- 
nient setting means essentially that we can extend the class to mappings between 
admissible infinite dimensional spaces E,F, . . . so that S(E, F) is again admissible 
and we have S(E x F,G) canonically 5-diffcomorphic to S(E,S(F,G)) (the ex- 
ponential law). Usually this comes hand in hand with (partly nonlinear) uniform 
boundedness theorems which are easy iS-detection principles. 

For the C°° convenient setting one can test smoothness along smooth curves. 
For the real analytic (C") convenient setting we have: A mapping is C u if and only 
if it is C°° and in addition C u along C"-curves (C u along just affinc lines suffices). 
We shall use convenient calculus of C°° and C u mappings in this paper; see the 
book |15) . or the three appendices in [T7] for a short overview. 

In [T7] we succeeded to show that non-quasianalytic log-convex Denjoy-Carleman 
classes C M of moderate growth (hence derivation closed) admit a convenient setting, 
where the underlying admissible locally convex vector spaces are the same as for 
smooth or for real analytic mappings. A mapping is C M if and only if it is C M 
along all C M -curves. The method of proof there relies on the existence of C M 
partitions of unity. In this paper we succeed to prove that quasianalytic log-convex 
Denjoy-Carleman classes of moderate growth which are also ^-intersections 
(see (|1.6|0 . admit a convenient setting. The method consists of representing 
as the intersection P|{C L : L G £(Q)} °f a ^ larger non-quasianalytic log-convex 
classes C L ; this is the meaning of: Q is an /^-intersection. In (|1.9p we construct 
countably many classes Q which satisfy all these requirements. Taking intersections 
of derivation closed classes C L only, or only of classes C L of moderate growth, is 
not sufficient for yielding the intended results. Thus we have to strengthen many 
results from [17] before we are able to prove the exponential law. A mapping is 
if and only if it is C L along each C L -curve for each L G C(Q). It is an open 
problem (even in R 2 ), whether a smooth mapping which is along each C"^-curve 
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(or affine line), is indeed . As replacement we show that a mapping is if it is 
C"2 along each mapping from a Banach ball (|5.2p . The real analytic case from 
(14] is not covered by this approach. 

The initial motivation of both [17] and this paper was the desire to prove the 
following result which is due to Rellich fTH] in the real analytic case. Let t i— » A(t) 
for t £ K be a curve of unbounded self-adjoint operators in a Hilbert space with 
common domain of definition and with compact resolvent. Ift i— > A(t) is of a certain 
quasianalytic Denjoy- Carleman class , then the eigenvalues and the eigenvectors 
of A(t) may be parameterized in t also. We manage to prove this with the 
help of the results in this paper and in [17] . Due to length this will be explained in 
another paper [IS] . 

Generally, one can hope that the space C M (A, B) of all Denjoy- Carleman C M - 
mappings between finite dimensional C M -manifolds (with A compact for simplicity) 
is again a C^-manifold, that composition is C M , and that the group Diff (^4) of 
all C M -diffeomorphisms of A is a regular infinite dimensional C M -Lie group, for 
each class C M which admits a convenient setting. For the non-quasianalytic classes 
this was proved in [T7]. For quasianalytic classes this is proved in this paper. 

1. Weight Sequences and function spaces 

1.1. Denjoy— Carleman C M -functions in finite dimensions. We mainly follow 
[T7] and [35] (see also the references therein). We use N = N>o U {0}. For each 

multi-index a — (ai, . . . , a n ) 6 N", we write al — a%\ ■ ■ ■ a n \, \a\ = ct\ + H a n , 

and<9 Q = d^/dx^ •••<9<". 

Let M = (Mfe)fcgN be a sequence of positive real numbers. Let U C R™ be open. 
We denote by C M (U) the set of all / e C°°(U) such that, for all compact K C U, 
there exist positive constants C and p such that 

\d a f{x)\ < Cp |Q| |a|!M H for all aef and x G K. 

The set C M (U) is a Denjoy-Carleman class of functions on U . If = 1, for all 
k, then C M (U) coincides with the ring C W (C/) of real analytic functions on U. A 
sequence M = (Mk) is log-convex if k <— * log(Mfc) is convex, i.e., 

Ml < M k -i Mfc+i for all k. 

If M = (Mk) is log-convex, then k t— > (Mk/Mo) 1 ^ is increasing and 

(1) Mi M k < M Mi+k for all I, k G N. 

Furthermore, we have that k i— > fe!Mfe is log-convex (since Euler's T-function is so), 
and we call this weaker condition weakly log- convex. If M is weakly log-convex then 
C M (U, K) is a ring, for all open subsets U C R". If M is log-convex then (see the 
proof of [m 2.9]) we have 

(2) M{ M k > Mj M ai ■ ■ ■ M aj for all a { G N> with a x H h otj = k. 

This implies that the class of C M -mappings is stable under composition ([2Q], see 
also [U 4.7]; this also follows from (|1.4p V If M is log-convex then the inverse 
function theorem for C M holds ([H]; see also 4.10]), and C M is closed under 
solving ODEs (due to [T5]). 

Suppose that M = (M k ) and N = (N k ) satisfy M k < C k N k , for a constant C 
and all k. Then C M (U) C C N (U). The converse is true if M is weakly log-convex: 
There exists / G C* M (R) such that |/ (fc) (0)| > k\ M k for all fc (see [13 Theorem 1]). 
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If M is weakly log-convex then C RI is stable under derivations (alias derivation 
closed) if and only if 

(3) sup (— — J <oo. 

k£N >0 V M k ' 

A weakly log-convex sequence M is called of moderate growth if 

( 4 ) SU P ~n~Tn~r~ < 00 • 

Moderate growth implies derivation closed. 

Definition. A sequence M = {Mk)k=o,i,2,... is called a weight sequence if it satisfies 
Mo = 1 < Mi and is log-convex. Consequently, it is increasing (i.e. Mk < Mk+i). 

A DC-weight sequence M = (Mk)k=a,i,2.... is a weight sequence which is also 
derivation closed (DC stands for Denjoy-Carleman and also for derivation closed). 
This was the notion investigated in [17] . 

1.2. Theorem (Denjoy-Carleman [5], [5]). For a sequence M of positive numbers 
the following statements are equivalent. 

(1) C M is quasianalytic, i.e., for open connected U C R™ and each a G U, the 
Taylor series homomorphism centered at a from C M (U,M.) into the space 
of formal power series is infective. 

(2) X^fcLi — hj) ~ 00 where := inf{(j! Mj) 1 ^ : j > fc} is £/ie increasing 

m k 

minorant of (kl Mk) 1 ^ ■ 

-convex minorant ofklMk, 
given by M^ c) := inf{(j! Mj)^ (l\ M;)^ :j<k<l,j< I}. 
( 4 ) T,T=o = °°- 



For contemporary proofs see for instance [TTl 1.3.8] or [321 19.11]. 

1.3. Sequence spaces. Let M = (Mk) k &s be a sequence of positive numbers 
and p > 0. We consider (where T stands for 'formal power series') 



Tf := {(fk)keN e K N : 3C> OVfc G N : |/*| < Cp fc fc! M fe } and T M := (J ^ 



.-A/ 

P 

Note that, for U C M™ open, a function / G C°°(Z7,R) is in C M (U,R) if and only 
if for each compact K C U 

(su P {|cP/(x)| :x€K,\a\ = fc}) feeN G T M . 

Lemma. We have 

T M± C ^ 3p > Vfc : < p k+1 M fe 2 

3C, p > Vfc : M^ < Cp fe M^. 

Proof. (=>-) Let f k := k\M\. Then / = (f k )keN G J" m1 C _F Af2 , so there exists a 
p > such that /cIM* < p k+1 MM% for all fc. 

(<=) Let / = (/ fe ) feeN G T M \ i.e. there exists a cr > with |/ fe | < a k+x k\M\ < 
(pa) k+1 k\Ml for all k and thus / G T M \ □ 

1.4. Lemma. Lei M and L 6e sequences of positive numbers. Then for the compo- 
sition of formal power series we have 

where (M o L)fe := m.&x{MjL ai . . . L aj : cti £ N>o, ot\ + ■ ■ ■ + ctj = k} 
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Here F> Q := {(gk)keN € 3~ L : go = 0} is the space of formal power series in T l 
with vanishing constant term. 

Proof. Let / 6 T M and g G T L . For k > we have (inspired by [7]) 

(/ ° g)k li ^ Sai_ Qa^ 



fc! ^— ' 7! ^-^ ai ! a, 

«iH haj=fc 



l(/°g)fc| l/jl \ - IffaJ Iffaj I 

fc!(M oL) k ~ ^ jlMj ^ oi X \L ax ' ' ' r, ,!/.., 

aiH hQj=fc 



i =1 aem 3 >0 j =1 

aiH h«j=fc 

A- 



fipjCfCg E(PZ^)-'" 1 ( * _ \ ) = P k g PfC f C g {\ + Pf C g ) k 



( Pg (l + P/ C 9 ))^ 



fc Pf C f C 9 



Pf C 9 



□ 



fc-1 



1.5. Notation for quasianalytic weight sequences. Let M be a sequence 
of positive numbers. We may replace M by /c 1— » C p k M k with C, p > without 
changing T M . In particular, it is no loss of generality to assume that M\ > 1 (put 
Cp > 1/A/i) and M = 1 (put C := 1/Mq). If M is log-convex then so is the 
modified sequence and if in addition p > Mq/M\ then the modified sequence is 
monotone increasing. Furthermore M is quasianalytic if and only if the modified 
sequence is so, since M^ is modified in the same way. We tried to make all con- 
ditions equivariant under this modification. Unfortunately, the next construction 
does not react nicely to this modification. 

For a quasianalytic sequence M — (M k ) let the sequence M — (M k ) be defined 

by 

4:= *n(>-pp7)' 

We have M k < M k . Note that if we put m k := (klMk) 1 ^ (and m := 1) and 
rhk '■= (klMk) 1 ^ (where we assume M k > 0) then 

rhk = mk JJ ( 1 — 

o=i ^ 171 ' 
or, recursively, 

. m k+1 - 1 

m k +i = m k and mo = 1, mi = mi — 1. 

TOfc 

And conversely, if all Mk > (this is the case if M is increasing and Mi > 1) then 

m fc+i 

TOfc + i = 1 + TOfc and mo = 1, mi = m x + 1 

m k 

i.e. 

(1) ^^^(i+E— )• 
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For sequences M we define (recall from that M is called weakly log-convex 
if fc I— ► log(fc! Mfc) is convex): 

C(M) :— {L > M : L non-quasianalytic, log-convex} 

£ W (M) := {L > M : L non-quasianalytic, weakly log-convex} D C(M) 



1.6. Theorem. Let Q = (Qk)k=o.i,2.... be a quasianalytic sequence of positive real 
numbers. Then we have: 

(1) If the sequence Q = (Qk) is log-convex and positive then 

LeC(Q) 

(2) If Q is weakly log-convex, then for each L ,L € C W (Q) there exists an 
L e C W (Q) with L < L l ,L 2 . 

(3) If Q is weakly log-convex of moderate growth, then for each L £ C W (Q) 
there exists an L' 6 C W (Q) such that L[- +k < LjLf. for some positive 
constant C and all j, k G N. 

We could not obtain (2) for log-convex instead of weakly log-convex, in particular 
for £(Q) instead of C W (Q). 

Definition. A quasianalytic sequence Q of positive real numbers is called C- 
intersectable or an C-intersection if = C\Lec(Q) 3~ L holds. Note that we 
may replace any non-quasianalytic weight sequence L for which k > is 

bounded, by an L e C(Q) with T L = T L : Choose p > 1/Li (sec (fOjl ) and 
P > sup{(f^) 1 / fc :keN} then L k := p k L k > Q k . 

Proof. (1) The proof is partly adapted from [3]. 

Let q k = (fclQfc) 1 /* and g = 1, similarly q k = (k\Q k ) 1 / k , l k = [k\L k ) l l k , etc. 
Then q is increasing since Qo = 1, and Q and the Gamma function are log-convex. 

Clearly C riLe£(Q)-^ ri - To show the converse inclusion, let / ^ J 7 ^ and 
9k ■= \fk\ 1/k - Then 

hm — =oo. 
qk 

Choose dj,bj > with a,j /* oo, bj ~\ 0, and X) ^ 00 • There exist strictly 
increasing fcj such that > a 3 . Since ^ is increasing by ()1.5U ) we get 6^ = 
6.- 2ii f^i > a -Q- — > qo. Passing to a subsequence we may assume that fen > 
and 1 < (3j := bj / oo. Passing to a subsequence again we may also get 

(4) j+ i > (ft)*' ■ 
Define a picccwise affinc function <f> by 

!0 if k = 0, 

kj log /3j if k = kj , 
Cj + dj k for the minimal j with k < kj, 

where Cj and dj are chosen such that <f> is well defined and (f>(kj—i) = Cj + djkj—i, 
i.e., for j > 1, 

(5) Cj + dj kj = kj log (3j , 

Cj + djkj-i = kj-i log/3j_i, and 
c = 0, 
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d Q = log ft. 

This implies first that Cj < and then 

, ki logft — kj-i loeft_i kj 
(6) log ft < dj = ■ J -^\ 1 < r I log ft 

Thus j i— > ft is increasing. It follows that is convex. The fact that all Cj < 
implies that <j)(k)/k is increasing. 
Now let 

L k := e^ (fc) • Q fc . 

Then L = (Lk) is log-convex and satisfies Lq = 1 by construction and / ^ T L 
since we have — = &j : ^ and so lim |^ = oo. Let us check that L is not 

quasianalytic. By (6) and since is increasing, we have, for fcj_i < fc < fcj, 

(fc + l)L fc+1 = (fc + l)Q fc+1 g+J ~* 

~ ft & ftjfffej 9fe ' 

Thus, by CEHl), 



y ±h <J^ y _<^< 

fc ^_ 1 ( fc + l ) L k+i l>,!h. , ~^ ; '//. oj&i 

which shows that L is not quasianalytic and Ci := T^L-i j~ < oo by (|1.2[) . 

Next we claim that J 7 ^ C T L . Since 4^ = ttt^ttt; = e^ k ^ k is increasing, we 

— qk (k\Q k ) 1 ' k to ' 

have 



A- 



which proves J 7 ^ C Finally we may replace L by some L £ C(Q) without 

changing T L by the remark before the proof. Thus (1) is proved. (2) Assume 
without loss that L\ — L\ = 1. Let klLk be the log-convex minorant of k\L k 
where Lk := min{ij,,i|}. Since iftL 2 > L > Q and fc!Qfc is log-convex we have 
L X ,L 2 > L > Q. Since ZftL 2 are not quasianalytic and are weakly log-convex 
(hence k i— > (klLj,) 1 ^ is increasing), we get that fe i— > (k\Lk) x ^ k is increasing and 

^ 1 1 1 

<> TTT— TTT77+> T7T^T7T77 < OO. 



By (|1.21 2=>1) we get that L is not quasianalytic. By (|1.2[ 1=*>3) we get 
^2 k (kij^y/k < °o since — L, i.e. L is not quasianalytic. 

(3) Let Qk '■— k\Qk, Lk := k\Lk, and so on. Since Q is of moderate growth we 
have 



:= sup (%$f) 1/{K+J) < 2 sup (ff) V(fc+J) < oo. 
kj \QkQj J kj \QkQj, 

Let L 6 C W (Q); without loss we assume that Lo = 1. We put 

L' fc : = C£ niin !/. ,/.„ , : j = 0, . . . , k} = C% min{L i L fc _ J : < j < fc/2}. 
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Then 

k,j \ J k,j \ I -s,l. j J 

Since L is log-convex we have L k < LjLik~j and LkLk+i < LjL,2k+i-j for j — 
0,...,k; therefore L' 2k = C^L 2 k and L' 2k+1 = C 2 ^ +1 L k L k +i. It is easy to check 

that V is log-convex. To see that V is not quasianalytic we will use that (L'k) 1 ^ 
is increasing since L' is log-convex. So it suffices to compute the sum of the even 
indices only. 

2-^ Tl l/(2fe) (7a ^-t f , 1/k 

k L 2k n ' Q k k 

It remains to show that L' > Q. Since L £ C W (Q) we have Q < L and for j = [k/2\ , 

Qk _ Qk _ Qk < Qk < Qj Qk-j < ^ q 

^ QiQk-j J J 



1.7. Corollary. Let Q be a quasianalytic weight sequence. Then 

L£C W {Q) 

Proof. Without loss we may assume that the sequence qk is increasing. Namely, by 
definition this is the case if and only if qk < qk+i — 1- Since Qo = 1 and (Qk) is log- 
convex, Q]/ k is increasing and thus qk+i —qk>Qk ((^ + 1)! 7 " TT — k\i) > Qi \ > \. 
If we set Qk '■= e k Qk, then Q = (Qk) is a quasianalytic weight sequence with 
Qi > 1, J 7 ^ = JT^, and % is increasing. 

Now a little adaptation of the proof of (|1.6I 1) shows the corollary: Define here 

Ik '■= ftjQk for the minimal j with k < kj. 
Then — = bj — ► and so lim ^ = oo. We have 

fc =fe+i fc =fe+i k =kT,+i & ~ ~ " A 

and thus 17 < 00 ■ As ^fe ^ s increasing, the Denjoy-Carleman theorem (|1.2|) 

implies that = ^ is non-quasianalytic. Since ^ = /3j is increasing, we find (as in 

the proof of ()1.6H )) that C :— max{L /Li, sup fc j 4 -} < 00. Replacing Lk by C k Lk 
we may assume that Q < L. Let the sequence k\L k be the log-convex minorant of 
klLk- Since Qk is (weakly) log-convex, we have Q < L. By (|1.2[) and the fact that 
L is non-quasianalytic, L is non-quasianalytic as well. Thus L G C W (Q) and still 

Htk □ 

Corollary (|1.7|) implies that for the sequence a; = (l)fc describing real analytic 
functions we have = C\ LeC t u } J~ L ■ Note that C w (io) consists of all weakly log- 
convex non-quasianalytic L > 1. This is slightly stronger than a result by T. Bang, 
who shows that J- u = p| T L where L runs through all non-quasianalytic sequences 
with lk = (fc!ifc) 1 / fe increasing, see [T], [3]. 

This result becomes wrong if we replace weakly log-convex by log-convex: 
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1.8. The intersection of all JF L , where L is any non-quasianalytic weight 
sequence. Put 

(fclog(fc + e)) fc 
Wk •— rj 7 •— t- 

Then Q = (Qfc) is a quasianalytic weight sequence of moderate growth with Qi > 1. 
We claim that Q is £-intersectable, i.e., = V\i,eC{Q) •^ ri - We could check that 
Q is log-convex. This can be done, but is quite cumbersome. A simpler argument 
is the following. We consider q' k := k, q' Q := 1. Then Q' k = k k /kl is log-convex. 
Since C x logfc < ^ fe =1 j < Calogfc, we have by (jPll) 

C 3 fclog(A: + e) < q' k < C 4 fclog(fc + e) 

for suitable constants Cj. Hence — J-® . By theorem (jl.6l l) we have 

LeC(Q') LeC(Q) 

since £(Q) and C(Q') contain only sequences which are "equivalent mod (p fc )" . The 
claim is proved. Let L be any non-quasianalytic weight sequence. Consider 

(k\L k )i l k 

ak := —k~ = T 

. l/k 

Since L is log-convex and Lq — 1, we find that L k is increasing. Thus, for s < k 
we find 

a, k si 1 /* Ll /s n 
< 2e 



a k s fc! 1 / fc jj^ k 
(using Stirling's formula for instance). Since L is not quasianalytic, we have 

Er=i kk < °°- But 

V — i — V - — — logk 

2-^ sa s ~ 2e a k ^ s 2e a k 2 

Vk<s<k ^/k<s<k 

The sum on the left tends to as k -> oo. So ^ = is bounded. Thus 

.F Q c t l . 

So we have proved the following theorem (which is intimately related to [2"Tl 
Thm. C]). 

Theorem. Put Q k = (k log(fc + e)) k /k\, Qq = 1. TTiera Q is C-intersectable. In 
fact, 

: L non-quasianalytic weight sequence}. □ 

Remark. Log-convexity of Q is only sufficient for Q being an /^-intersection, see 
(fTSll): Using Stirling's formula we see that T Q = T Q " for Q k = (fc log(fc + e)) k /k\ 
and Qt = (log(fe + e)) k . Also C(Q) and C(Q") contain only sequences which are 
"equivalent mod (p fc )" and (|1.6I 1) holds for Q, thus also for Q", But Q" is not 
log-convex. 

1.9. A class of examples. Let log" denote the n-fold composition of log defined 
recursively by 

log 1 := log, 

log™ := logo log"" 1 , (n>2). 
For < S < 1, n £ N>o, we recursively define sequences q S ' n = (q k ' n )k>K„ by 
Qk 1 : = fclogfc, 
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:=ql^. (log n (k))\ (n>2), 
where K n is the smallest integer greater than e ft n, i.e., 



Let Q 5 > n := (Q% n )kem with 



: ~ 



[e ttn], e TT n := . 

n times 



■ (fc-l + K „)! 
and consider 

Q := {Q 14 } U {Q d> : < * < l,n e N>i}. 

It is easy to check inductively that each Q G Q is a quasianalytic weight sequence 
of moderate growth with Qi > 1. Namely, (log" (k)) Sk is increasing, log-convex, 
and has moderate growth. Quasianalyticity follows from Cauchy's condensation 
criterion or the integral test. By construction, Q 9 Q i— > .F^ is injective. 
Let us consider 

fc 



~l.n l.n — 1 i -i 

9 fc := Q k 1 



/ , l,n-l I ' 



Since ^ log™ (a;) = x \ ^ x y}\ ^-\^ i we have (by comparison with the correspond- 
ing integral) 



and thus 



for suitable constants Cj. Hence JF^ = JF"? . Since Q 1 '" -1 is log-convex, 
theorem (|1.6I 1) implies 

since £(<5 1 '™) and £(Q contain only sequences which are "equivalent mod (p k )" ■ 
Hence we have proved (the case n = 1 follows from (|1.8p ): 

Theorem. i?ac/i Q (n G N>oj is a quasianalytic weight sequence of moderate 
growth which is an C-intersection, i.e., 

J^ 1 '" = P) □ 

LG£(Q!-") 

Conjecture. This is true for each Q G Q. 

Remark. Let Q be any quasianalytic log-convex sequence of positive numbers. 
Then the corresponding sequence Q (determined by (|1.5I 1)) is quasianalytic and 
£-intersectable. However, the mapping Q i— > is not injective. For instance, the 
image of {Cp k Qk)k is the same for all positive C and p (which follows from (|1.5U )). 
Here is a more striking example: 

Let Q s ' n G Q and let P 5 > n = {P S k ' n ) k be defined by 

pS,n 1 / S,n \fe-l+ K „ pS,n -, 

k - (k - 1 + K n )\ [Pk - 1+Kj ' ° ' 
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where 



X,n *l,n+l l.n 



a i 

1+ E — 



J=«»+l 9 J 



We cta'm £/ierf F pl " 1 = J rP ' > ' n = JF pc " /or a// < 8, e < 1. For: Since 

d (log"^)) 1 - 5 l 



we have 



and thus 



dx 1-5 x\og{x)---\og n - 1 {x){\og n {x)) s ' 



{\og n (k)f- s * 1 (log-ffc)) 1 -* 



p*" _ (log"(fc))' V + gi^ # j (logW (lojW^ _ r 
?r (log n (fc)) £ (i + g =Kn - 3 (log"(fc)) £ (log B (A))i- 3 

and similarly 

—tTa > C4 

for suitable constants Cj. By lemma (|1.3p we have F p '" = T pe ' n for all < 6, e < 1. 
The same reasoning with (5 = proves that F p = JT P 

1.10. Definition of function spaces. Let M = (Mk)k£N be a sequence of 
positive numbers, E and F be Banach spaces, U Q E open, K C J7 compact, and 
p > 0. We consider the non-Hausdorff Banach space 



MJU,F) := {/ e C°°(f/,F) : (sup \\f {k) {x)\\ Lk(E . F) ) k € F p M } 



{/eC 00 (C/,F):||/|| A> <oo}, where 

;) (z)llL*(i 



l/lk " := SUP l kJM^ : x e K,k e 



the inductive limit 

Cg(U,F) :=limC™ p (U,F), 

p>0 

and the projective limit 

C^(U,F) := lim C%(U,F), where # runs through all compact subsets of £/. 

KCU 

Here (x) denotes the fc th -order Frechet derivative of / at x. 

Note that instead of H/^H^IIl^-E.-F) we could equivalently use sup{||d*/(x)||F : 
\\v\\e < 1} by 15, 7.13.1]. For E = R™ and F = M this is the same space as in 

For convenient vector spaces E and F, and c°°-open [/Cfiwe define: 
C* b M ([/, F) := {/ e C*°°([/, F) : Vj3 V compact KC(/n£ B 3p>0: 
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{ ^^pkM^^ -keN,xeK, \\vi\\ B < 1} is bounded in f} 
= {/ £ C ,ca {U, F) : \/B V compact K C U n E B 3p > : 

rdj(x)_ :kemxeK iuii < !) is bounded in f). 

Here B runs through all closed absolutely convex bounded subsets and Eb is the 
vector space generated by B with the Minkowski functional ||i>||_b = inf{A > : v £ 
XB} as complete norm. 

Now we define the spaces of main interest in this paper: First we put 

C M (R, U) := {c : R -» 17 : £ o c £ C M (R,R) W £ F*}. 

In general, for i log-convex non-quasianalytic we put 

C* L (£/, F) :={/:/ o c € C* L (R, F) Vc £ C* L (R, C/)} 

= {f :£ofoce C L (R,R) Vc £ C L (R, 17), W £ F*} 

supplied with the initial locally convex structure induced by all linear mappings 
C L (c,£) >£o/oc£ C L (K, M), which is a convenient vector space as en- 

closed subspace in the product. Note that in particular the family £* : C L (U, F) — > 
C L (U, R) with £ £ F* is initial, whereas this is not the case for C L replaced by Cjp 
as example (jl.lip for {inj fc og v (k) : k £ N} C C L (R, R N ) shows, where inj fe denotes 
the inclusion of the fc-th factor in R N . 
For Q a quasianalytic /^-intersection we define the space 

C Q (U,F):= p| C l (U,F) 
LeC(Q) 

supplied with the initial locally convex structure. By theorem (jl.6l l) this definition 
coincides with the classical notion of if E and F are finite dimensional. 

Lemma. For Q a quasianalytic C-inter 'section, the composite of -mappings is 
again , and bounded linear mappings are 

Proof. This is true for C L (see [I7J 3.1 and 3.11.1]) for every L £ C(Q) since each 
such L is log-convex. □ 



1.11. Example. By [23 Theorem 1] , for each weakly log-convex sequence M there 
exists / £ C M (R,R) such that |/ (fc) (0)| > k\M k for all k £ N. Then g : R 2 -» R 
given by g(s, t) = f(st) is C M , whereas there is no reasonable topology on C M (R, R) 
such that the associated mapping <? v : R — > C M (R,R) is C^f . For a topology on 
C M (R, R) to be reasonable we require only that all evaluations ev 4 : C M (R, R) — > R 
are bounded linear functionals. 

~„„i„ nM Tf „v „,„„„ / 

was bounded in C M (R, R). We apply the bounded linear functional ev t for t = 2p 
and then get 

(,g v )W(0)(2p) = (2p) fc /W(0) > fc 
k\p k M k k\p k M k ~ ' 

a contradiction. □ 



Proof. The mapping g is obviously C M . If g v were , for s = there existed p 
such that 
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This example shows that for C b one cannot expect cartesian closedness. Using 
cartesian closedness ()3.3p and (|2.3|) this also shows (for F = C M (R, M) and U = 
R = E) that 

C b M (U,F) D p| C b M (UnE B ,F v ) 
By 

where Fy is the completion of F/py 1 ^) with respect to the seminorm py induced 
by the absolutely convex closed O-neighbourhood V. 

If we compose g v with the restriction map (incl N )* : C M (R,R) -> M N := ]lt e N R 
then we get a C -curve, since the continuous linear functionals on R N are linear 
combinations of coordinate projections ev t with t£N. However, this curve cannot 
be as the argument above for t > p shows. 

2. Working up to cartesian closedness: More on non-quasianalytic 

functions 

In [T7] we developed convenient calculus for C M where M was log-convex, in- 
creasing, derivation closed, and of moderate growth for the exponential law. In 
this paper we describe quasianalytic mappings as intersections of non-quasianalytic 
classes C L , but we cannot assume that L is derivation closed. Thus we need stronger 
versions of many results of |17j for non-quasianalytic L which are not derivation 
closed, and sometimes even not log-convex. This section collects an almost mini- 
mal set of results which allow to prove cartesian closedness for certain quasianalytic 
function classes. 

2.1. Lemma (cf. [171 3.3]). Let M — (Mk)keN be a sequence of positive numbers 
and let E be a convenient vector space such that there exists a Baire vector space 
topology on the dual E* for which the point evaluations ev x are continuous for all 
x G E. Then a curve c : R — > E is C M if and only if c is . 

Proof. Let K be compact in R and c be a C M -curve. We consider the sets 
r \£(c (k *>(x))\ i 

A ^ C '= V eE * : p k k\M k ~ ° aU k £ N ' " G K / 
which are closed subsets in E* for the given Baire topology. We have [J p c A p c — 
E* . By the Baire property there exists p and C such that the interior U of A Pt c is 
non-empty. If £q E U then for each I S E* there is a S > such that Si G U — £q 
and hence for all x G K and all k we have 

| (t o c) <*> (x) I < i ( I ((St + to) o c) (fc) (x) I + I (to o c) W (x) \)<^p k k\M k . 
So the set 

\p k k\M k J 
is weakly bounded in E and hence bounded. □ 

2.2. Lemma (cf. [171 3.4]). Let M — (Mk)keN be a sequence of positive numbers 
and let E be a Banach space. For a smooth curve c : R — > E the following are 
equivalent. 

(1) c isC M = C b M . 

(2) For each sequence (r k ) with rj~ p k — > for all p > 0, and each compact set 
K in R, the set { k ,\, Ik c^ k '(a) r k : a G K,k G N} is bounded in E. 

(3) For each sequence (r^) satisfying r k > 0, r k n > r k +£, and r k p k — » for 
all p > 0, and each compact set K in R, there exists an 5 > such that 
{p]L_- c( fc )(a) r fc S k : a G if, k G N} is bounded in E. 
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Proof. (1) => (2) For K, there exists p > such that 

cW(g) 
k\M k 

is bounded uniformly in k G N and a G K by (|2.ip . (2) => (3) Use 5 = 1, 

(3) =^ (1) Let a k := sup aeX ||^ c( fe )(a)|| E . Using (4=>1) in [15, 9.2] these 
are the coefficients of a power series with positive radius of convergence. Thus 
ak/p k is bounded for some p > 0. □ 

2.3. Lemma (cf. [171 3.5]). Let M — (Mk)keN be a sequence of positive numbers. 
Let E be a convenient vector space, and let S be a family of bounded linear func- 
tional on E which together detect bounded sets (i.e., B C E is bounded if and only 
if £(B) is bounded for all £ G S). Then a curve c : K — > E is C M if and only if 
I o c : K -> E is C M for all ieS. 

Proof. For smooth curves this follows from [T3 2.1, 2.11]. By (H]), for £ G S, the 
function £ o c is C M if and only if: 

(1) For each sequence (r k ) with r k t k — > for all £ > 0, and each compact set 
K in R, the set {^-^ (£ o c)W(a) r fc : a G if , fc G N} is bounded. 

By (1) the curve c is C M if and only if the set {p-g^ ^(a) r k : a G if, fc S N} is 
bounded in i?. By (1) again this is in turn equivalent to £ o c G C M for all £ £ S, 
since 5 detects bounded sets. □ 



(a) 



k\ p k M k 



■\r kP k \ 



2.4. Corollary. Let M = (M k ) ke fj be a non-quasianalytic weight sequence or an 
C-intersectable quasianalytic weight sequence. Let U be c°° -open in a convenient 
vector space E, and let S = {£ : F — > Fi} be a family of bounded linear map- 
pings between convenient vector spaces which together detect bounded sets. Then a 
mapping f : U — > F is C if and only if £ o / is C for all I G S. 

In particular, a mapping /:{/—> L(G, H) is C if and only if ev v of : U — » H 
is C M for each v G G, where G and H are convenient vector spaces. 

This result is not valid for C^ 1 instead of C M , by a variant of (| 1 . 1 lj) : Replace 
C* M (M,R) by M N . 

Proof. First, let M be non-quasianalytic. By composing with curves we may 
reduce to U = E = M. By composing each I G S with all bounded linear functionals 
on Ft we get a family of bounded linear functionals on F to which we can apply 
(|2.3j) . For quasianalytic M the result follows by definition. The case F — L(G, H) 
follows since the ev„ together detect bounded sets, by the uniform boundedness 
principle [HI 5.18]. □ 



2.5. C L -curve lemma (cf. [T71 3.6]). A sequence x n in a locally convex space 
E is said to be Mackey convergent to x, if there exists some A„ /* oo such that 
^n{x n — x) is bounded. If we fix A = (A„) we say that x n is A-convcrging. 

Lemma. Let L be a non-quasianalytic weight sequence. Then there exist sequences 
X k — * 0, t k — > too, s k > in K with the following property: 

For 1/A = (1/A„)- converging sequences x n and v n in a convenient vector space 
E there exists a strong uniform C L -curve c : K — » E with c[t k + 1) = x k + t.v k for 
\t\ < Sfc. 

Proof. Since C L is not quasianalytic we have ^2 k l/(k\L k ) 1 ^ k < oo by (|1.2| . We 
choose another non-quasianalytic weight sequence L — (L k ) with (L k / L k ) x ^ k — » oo. 
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By [T71 2.3] there is a C £ -function : R — ► [0, 1] which is on {t : \t\ > ±} and 
which is 1 on {t : \t\ < g}, i.e. there exist C, p > such that 

\^ k \t)\ < Cp k k\L k for alHeM and fc G N. 

For x,v in an absolutely convex bounded set B C E and < T < 1 the curve 
c : t 1— ► (j)(t/T) ■ (x + t v) satisfies (cf. [3] Lemma 2]): 

c W( t ) = T' k ^ k \^).(x + t.v) + kT 1 - k 4- k - x \^).v 

G T- k Cp k fc! L fc (l + + fc T 1 ^ Cp^ 1 (fc - l)!L fc _i.B 

C T- k Cp k fc! L fe (l + I ).B + TT~ k C± / fc! Zfc.B 

CC(| + i)T- fe p ,: fc!l fe . J B 

So there are p, C := C(| + i) > which do not depend on a;, u and T such that 

c( fc )(t) G CT- k p k k\L k .B for all fc and £. 

Let < Tj < 1 with £\ Tj < 00 and t fc := 2 £\ <A . 7} + T fe . We choose the Aj 
such that < \j/T k < L k /L k (note that X* L k /L k — > 00 for fc — » 00) for all j and 
fc, and that Xj/T k — > for j — > 00 and each fc. 

Without loss we may assume that ar n — * 0. By assumption there exists a closed 
bounded absolutely convex subset B in E such that x n ,v n 6 A„ ■ B. We consider 
Cj : t t-^ <p{{t — ■ (xj + (t — tj)vj) and c := X)j c j- The Cj have disjoint 

support C [tj — Tj, tj + Tj], hence c is C°° on K \ {ioo} with 

c (fe) (t) G C Tj k p k k\L k Xj ■ B for \t - tj\ < Tj . 

Then 



\c (k) (t)\\ B <Cp k k\L k ^ <Cp k k\L k ^ = Cp k k\L k 



for t ^ too. Hence c : R — * Eb is smooth at t^ as well, and is strongly C L by the 
following lemma. □ 

2.6. Lemma (cf. \F7\ 3.7]). Let c : R \ {0} — > £7 6e strongly C L in the sense that c 
is smooth and for all bounded K C R \ {0} i/iere exists p > swc/i £/iaf 

c (fe) (a;) 1 

■ fc £ N.s € A" > zs bounded in E. 



,p k k\L k 

Then c has a unique extension to a strongly C L -curve on R. 

Proof. The curve c has a unique extension to a smooth curve by [TH1 2.9]. The 
strong C L condition extends by continuity. □ 

2.7. Theorem (cf. |17| 3.9]). Let L = (L k ) be a non-quasianalytic weight sequence. 
Let U C E be c°°-open in a convenient vector space, let F be a Banach space and 
f : U — > F a mapping. Furthermore, let L < L be another non-quasianalytic weight 
sequence. Then the following statements are equivalent: 

(1) / is C L , i.e. f o c is C L for all C L -curves c. 

(2) f\unE B ■ Eb 3 U PI Eb F is C L for each closed bounded absolutely 
convex B in E. 

(3) foe is C L for all -curves c. 

(4) / G Cfr(U, F). 

Proof. (1) => (2) is clear, since Eb — * E is continuous and linear, hence all 
C L -curves c into the Banach space Eb are also C L into £7 and hence / o c is C L by 
assumption. 

(2) => (3) is clear, since Cf C C L . 



QUASIANALYTIC MAPPINGS 



15 



(3) => (4) Without loss let E — Eb be a Banach space. For each v £ E and 
x € U the iterated directional derivative dj/(x) exists since / is C L along affinc 
lines. To show that / is smooth it suffices to check that d k f(x n ) is bounded for 
each k £ N and each Mackey convergent sequences a;„ and i>„ — > 0, by [HI 5.20]. 
For contradiction let us assume that there exist k and sequences x n and v n with 
IMS,, fi x n) | oo. By passing to a subsequence we may assume that x n and v n 
are (l/A„)-convergmg for the X n from (|2.5p for the weight sequence L. Hence there 
exists a C^-curve c in _E and with c(t + t n ) = x n + t.v n for t near for each n 
separately, and for t n from (12. 5|) . But then ||(/ o c)^ fc ^(t„)|| = \\d^ n f(x n ) || — > oo, 
a contradiction. So / is smooth. Assume for contradiction that the boundedness 
condition in (4) does not hold: There exists a compact set K C {/ such that for 
each n £ N there are fc n e N, i„ £ if, and i> n with \\v n \\ = 1 such that 

/ j X fcn+1 

||d£/(*„)|| >W4„ f^J 

where we used C = p := 1/A^ with the A n from (|2.5p for the weight sequence L. By 
passing to a subsequence (again denoted n) we may assume that the x n are 1/A- 
converging, thus there exists a C^-curve c : R — > E with c(t n + 1) = x n + t.X n .v n 
for t near by (|2.5[) . Since 



we get 



(/o C )W(t n ) = A^ /(z„), 



kn-Lk n ) \ " k n \L\ 



i+2 
, +1 



a contradiction to / o c 6 C L . 

(4) => (1) We have to show that / o c is C L for each C L -curve c:R^E. By 
(|2.2I 3) it suffices to show that for each sequence (r&) satisfying > 0, r k ri > r k+ i, 
and r k f fc — > for all f > 0, and each compact interval I in R, there exists an e > 
such that {fcTXT (/ ° c ) (fc ^( a ) r k e k : a £ I , k £ N} is bounded. 

By (|2.2I 2) applied to r k 2 k instead of r k , for each £ £ E* , each sequence (r^) 
with rfc t k — > for all t > 0, and each compact interval i in R the set {jr^; 
c)W(a)r fe 2 fc : « e J,fc e N} is bounded in R. Thus {-^ c {k \a) r k 2 k : a £ 
I,k £ N} is contained in some closed absolutely convex B C E. Consequently, 
c ( k ) : j _» i s smooth and hence ift := {-gj^; c^- k \a) r k 2 k : a £ 1} is compact in 
Eb for each k. Then each sequence (x n ) in the set 

K := I jfeti: c(fe) (a) rfc : a e 7 ' k e N l = U ¥ Kk 

has a cluster point in if U{0}: either there is a subsequence in one iffc, or 2 kn x kn £ 
K kn C _B for fe„ — > oo, hence x kn — * in i?e. So iC U {0} is compact. By Faa di 
Bruno ([7] for the 1-dimensional version, k > 1) 

(/°c)(*>(a)_ E E l, i/(c(a))r (-) (a) c (^) (a) - 



fc! ^— ? i! V ai! a,! 

aiH haj=fc 

and (|1.1I 2) for a £ I and fc £ N>o we have 
1 



1 I r (/° C ) (fe) («)^ fc 



< 
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^X- rj \\<V f{c{a))\\mE B ,F) jj \\c^){a)\\ B r at 

j>l Q6N ^ >0 J i=l 

c*iH ha,-=fc 



3>l V 7 

So <{ £T^T (/ ° c)W(o) r fe : a € /, e N j is bounded ,1- required. J 



2.8. Corollary. Let L = (£fc) be a non-quasianalytic weight sequence. Let U C E 
be c°° -open in a convenient vector space, let F be a convenient vector space and 
f : U — > F a mapping. Furthermore, let L < L be a non-quasianalytic weight 
sequence. Then the following statements are equivalent: 

(1) f isC L . 

(2) f\unE B ■ Eb 3 U n Eb — > F is C L for each closed bounded absolutely 
convex B in E. 

(3) foe is C L for all -curves c. 

(4) Try o f £ (U, R) /or eac/i absolutely convex O-neighborhood V C F, where 
7iy ■ F — > i<V denotes the natural mapping. 

Proof. Each of the statements holds for / if and only if it holds for 7iy o / for each 
absolutely convex O-neighborhood V C F. So the corollary follows from (12. 7|) . □ 

2.9. Theorem (Uniform boundedness principle for C M , cf. [171 4.1]). Lei M = 

(Mfe) 6e a non-quasianalytic weight sequence or an C-intersectable quasianalytic 
weight sequence. Let E, F, G be convenient vector spaces and letU C F be c°°-open. 
A linear mapping T : E — > C M (U,G) is bounded if and only if ev x oT : E — > G is 
bounded for every x £ U . 

Proof. Let first M be non-quasianalytic. For x £ U and ^ £ G* the linear mapping 
f oev x = C M (x,£) : C M (U, G) — ► R is continuous, thus ev^ is bounded. Therefore, 
if T is bounded then so is ev^ oT. 

Conversely, suppose that ev^, oT is bounded for all x £ U. For each closed 
absolutely convex bounded B C E we consider the Banach space -Eb. For each 
£ E G*, each C M -curve c : R — * U, each tel, and each compact K C R the 
composite given by the following diagram is bounded. 

£ — C M (U, G) G 

C M (c,t) 

E B C M (M, K) hm Cf (K, R) ^ 



p 

Mi 



By [TH 5.24, 5.25] the map T is bounded. In more detail: Since lim Cp(K, R) 

is webbed, the closed graph theorem p~5j 52.10] yields that the mapping Eb —> 
lim C^(K,R) is continuous. Thus T is bounded. 

For quasianalytic M the result follows since the structure of a convenient vector 
space on C M {U,G) is the initial one with respect to all inclusions C M (U,G) — > 
C L (U, G) for all L £ C(M). □ 

As a consequence we can show that the equivalences of (|2.7[) and (|2.8p are not 
only valid for single functions / but also for the homology of C M (U, F): 
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2.10. Corollary (cf. [171 4.6]). Let L = (Lk) be a non-quasianalytic weight se- 
quence. Let E and F be Banach spaces and let U C E be open. Then 

C L (U, F) = C?(U, F) := limlimC^(C/, F) 

K p 

as vector spaces with bornology. Here K runs through all compact subsets of U 
ordered by inclusion and p runs through the positive real numbers. 

Proof. The second equality is by definition (|1.10p . The first equality, as vector 
spaces, is by (|2.7|) . By (|1.10| the space C L (U,F) is convenient. 

The identity from right to left is continuous since C L (U,F) carries the initial 
structure with respect to the mappings 

C L (c|/,^) : C L {U,F) -+ C L (R,R) = hm limCf p (R,R) -» limCf p (R,R), 

7CKp>0 p>0 

where c runs through the C L jy = L Cf -curves, £ £ F* and I runs through the 
compact intervals in R, and for K := c(7) and p' := (1 + p \\c\\ • u, where a > is 
chosen such that ||c||/ i<T < oo, the mapping C L (c\ I: e) : p {U,F) -> Cf p , (R,R) -> 
hm , Q Cf p/ (R, R) is continuous by (|1.4p . These arguments are collected in the 
diagram: 

lim 7 Cf (R, R) = C L (R, R) ^ C L {U,F)^ C^(U,F) — C£ (17, F) 



Cf (R, R) = M Cf p (R, R) < lim p C^ p (C/, F) = C L K (U, F) 



Cf p , (R, R) - ^ Cl p {U, F) 

The identity from left to right is bounded since the countable (take p G N) inductive 
limit lim of the (non-Hausdorff) Banach spaces Cf p (U, F) is webbed and hence 

satisfies the <S-boundedness principle [T3J 5.24] where 5 = {ev^ : x £ U}, and by 
[TBI 5.25] the same is true for Cf ({7, F). □ 

2.11. Corollary (cf. [171 4.4]). Let L = (£&) be a non-quasianalytic weight se- 
quence. Let E and F be convenient vector spaces and let U C E be c°°-open. 
Then 

C L (U,F) = lim C L (R,F) = Urn C L (UDE B ,F) = lim C L (R,F) 

ceC L BQE sgcf 

as vector spaces with bornology, where c runs through all C L -curves in U, B runs 
through all bounded closed absolutely convex subsets of E, and s runs through all 
-curves in U. 

Proof. The first and third inverse limit is formed with g* : C L (R, F) -> C L (R, F) 
for g G C L (M,R) as connecting mappings. Each element (f c )c determines a unique 
function / : U — > F given by f(x) :— (f o const a; )(0) with / oc=/ c for all such 
curves c, and / G C L if and only if f c G C L for all such c, by (|2.8|l . The second 
inverse limit is formed with incl* : C L (U nF B , F) -> C L (UnE B , 1 F) for F' C F as 
connecting mappings. Each element (/b)b determines a unique function / : J7 — ► F 
given by /(a;) := /[_i,i] x (:z;) with = / B for all F, and / G C L if and only if 

/b G C l for all such F, by (|2.8[) . Thus all equalities hold as vector spaces. 
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The first identity is continuous from left to right, since the family of £„ : 
C L (R,F) -> C* L (R,R) with £ £ F* is initial and C L (c,£) = 1* o c* : C L ([/,F) -> 
C L (R,R) is continuous and linear by definition. 

Continuity for the second one from left to right is obvious, since C L -curves in 
U n Eg are C L into U C E. 

In order to show the continuity of the last identity from left to right choose a Cjp- 
curve s in £/, an £ G F* and a compact interval / CM. Then there exists a bounded 
absolutely convex closed B <Z E such that s|i is = C L into U Eb, hence 
C L (s\iJ) : C L (U,F) -> C L (I,R) factors by $L4§ as continuous linear mapping 
(s\i)* : Cfr(U (~l Fg,R) -> C L (J,M) over C L {U,F) -> C L (UnE B ,F) -> C L ([/n 



F B ,R) 633 C^(J7 n F B ,R). Since the structure of C^(]R, F) is initial with 
respect to incl* : C L (R, F) C L (/,R) the identity Um BCB C L ([/ n F B , F) -> 

lim L C L (R, F) is continuous. 

< s£C b 

Conversely, the identity lim i C i (R, F) — > C L (U,F) is bounded, since 
C L (M, F) is convenient and hence also the inverse limit lim i C i (R, F) and 

< s£C b 

C L (U, F) satisfies the uniform boundedness theorem ()2.9jl with respect to the point- 
evaluations ev x and they factor over (consta;)* : C L (U, F) — > C L (R, F). □ 

3. The exponential law for certain quasianalytic function classes 

We start with some preparations. Let Q = (Qk) be an £-intersectable quasian- 
alytic weight sequence. Let F and F be convenient vector spaces and let U C E 
be c°°-open. 

3.1. Lemma. For Banach spaces E and F we have 

Cfi(U, F) = (17, F) = P| (t/, F) 

NeC w (Q) 

as vector spaces. 

Proof. Since Q is £-intersectable we have = C\lec{Q) ^ '■ Hence 

CQ(U,F) = {feC™(U 1 F):VK:(sup\\f( k \x)\\ LHE . F) ) k eTQ= f| F L } 

X&K LeC(Q) 

= {/ G C°°([/,F) : VF VL G £(Q) : (sup ||/ (fc) (^)ll)fc G 

= {/ G C°°(£/,F) : VL G £(Q) VF : (sup \\f {k \x)\\) k G F L } 

= p| C b L (C/,F)M p| C i (C/,F) = C'Q(C/,F). 

LeC(Q) LeC(Q) 

C?(P-f)= D C£(U,F)2 PI C b L (^,F)DC b Q (t/,F). □ 

LeC(Q) LeC w (Q) 

3.2. Lemma. For log-convex non- quasianalytic L X ,L? and weakly log-convex non- 
quasianalytic N with N k + n < C k+n L^Lf, / or some positive constant C and all 
k,n G N, /or Banach-spaces E\ and Ei, and for / G (Ui x {72, R) we /iaue 

Proof. Since / is C^, by definition, for all compact F^ C f7, there exists a p > 
such that for all k, j £ N, i, £ F, and \\vi\\ = ■■■ = \\vj\\ = 1 = ||ioi[| = • • ■ = \\wk\\ 
we have 



\d$4f(x 1) x 2 )(v 1) . . . iVj ,w u . . .,w k )\ < p k+j+l (k+j)\N k+j 
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< p k+ i +1 2 k+j k\j\C k+j LjLl = p(2C '/'i' /!/.' • {2C P ) k k\L 



In particular {d{fY {K\){oE k ) is contained and bounded in 2 (t/2, K), where o.Ex 
denotes the unit ball in J5i, since d k {{d[f) y (xi)){x 2 ) — d k d{f{x\,X2). 
Claim. If f G then / v : C/i -> C£ 2 (tf 2 ,R) is C*°° unft dV v = (^/) v . 
Since (C/2,K) is a convenient vector space, by [T51 5.20] it is enough to show 
that the iterated unidirectional derivatives d J v f v (x) exist, equal d{f(x, )(v J ), and 
are separately bounded for x, resp. v, in compact subsets. For j = 1 and fixed a;, u, 
and y consider the smooth curve c : i 1 — > f(x + tv, y). By the fundamental theorem 

n» +«.)-/»(«) „, _ (ft/) v WMW _ £W_£(2) _ m 

s I c" (tsr) dr ds 
Jo 
1 r \ 

2 . 



= t I s d 1 f(x + tsrv,y)(v,v)drds. 
Jo Jo 

Since (<9 2 /) v (ifi)(oi? 2 ) is bounded in C^ 2 (U 2 ,M.) for each compact subset K\ C i/i 
this expression is Mackey convergent to in (U 2 , R), for t — > 0. Thus d v f v (x) 
exists and equals dif(x 1 )(v). 

Now we proceed by induction, applying the same arguments as before to 
(4/ v ) A : (x,y) 1 * dif(x,y)(vi) instead of/. Again (fl?(d£/ v ) A ) V (tfi)(°E?) = 
(d{ +2 f) v (Ki)(oEi, 0E1, v, ...,v) is bounded, and also the separated boundedness 
of d 3 v f v (x) follows. So the claim is proved. 

It remains to show that / v : U x -> Cf 3 (J7 2 , R) := lim^ lirn c£ p {U 2 , K) is C L \ 

By flU}, it suffices to show that / v : J7i ^ lim c£ p (£/ 2 ,K) is C b Ll C C Ll for all 
if 2, i.e., for all compact if 2 C ^2 and ifi C U\ there exists pi > such that 

'd k r(K 1 )(v u ...,v k ) 

k\p k L\ 

or equivalently: For all compact K 2 C U% and ifi C U\ there exist pi > and 
P2 > such that 

For ki e N, x e K\, p l := 2Cp, and ||«j|| < 1 we get: 



k e N, < 1 1 is bounded in BmC^^^,!), 

J 



K 2 ,P2 



(\dtd kl f(x,y)(v 1 ,...;w 1 ,...)\ , „ „ „ 1 

< sup<^ — !— 2 — , ,, Ar : fe e N,y e if 2 , K < 1 f 

I- P1V2 2 (h + k 2 )l N kl+k2 i 

r (2C) kl+k2 \d < - kl - k ^f(x,y)(v 1 ,...;w 1 ,...)\ ^ ^ 1 

< sup{^ 1 fc2 , ^ : £ N,y 6 A 2) |K|I < l} 

= SUP t P^(fc 1 + fe)!iV fel+fe2 ■■k^N,yeK 2 :\\ Wi \\<l\<p 
So/ v isC Ll . □ 
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3.3. Theorem (Cartesian closedness) . Let Q ~ (Qk) be an C-intersectable quasi- 
analytic weight sequence of moderate growth. Then the category of -mappings 
between convenient real vector spaces is cartesian closed. More precisely, for con- 
venient vector spaces E x , E 2 and F and c°° -open sets U x C E x and U 2 C E2 a 
mapping f : U x x U 2 -> F is C Q if and only if f v : U x -> C Q {U 2 , F) is C Q . 

Actually, we prove that the direction (■<=) holds without the assumption of mod- 
erate growth. 

Proof. (=>) Let / : U x x U 2 -> F be C Q , i.e. C L for all L e C(Q). Since 
{Ei)Bi Ei is bounded and linear and since C L is closed under composition we 
get that £of:(U x n(E x ) Bl )x (U 2 n(E 2 ) B2 ) -> R is C L = C£ (by Q2) since (E,) Bi 
are Banach-spaces) for £ £ F* , arbitrary bounded closed Bi C Ei and all L e C(Q). 
Hence £0 / is C & L even for all L e £ W (Q) by ([53)1 . For arbitrary L 1 , L 2 e £(Q), by 
(fOl3) and |Q12). there exists an TV e C W (Q) with iV fc+n < C k+n L\L\ for some 
positive constant C and all fc,neN. Thus^o/: ([/1 n (-Bi) Bl ) x (U 2 n (E 2 )b 2 ) -» R 
is Cf . By d5JU), the function (I o /) v : U x n -> Cf 2 (L/ 2 n (£ 2 )b 2 , K) is C L% . 

Since the cone 



C Q (U 2 ,F) -+C L2 (U 2 ,F) 



c L (Uinfah 



T 2 



^ (c/ 2 n(s 2 ) B2! M), 

with L 2 G <C(Q), I £ F* , and bounded closed _B 2 C i? 2 , generates the homology 
by (JUnj), and since obviously f v {x) = f(x, ) £ C Q {U 2l F), we have that f v : 
£/i n -» C Q {U 2l F) is C L \ by 423). From this we get by that / v : 

[/1 -> CQ(U 2 ,F) is C Ll for all L 1 e £(Q), i.e., f v : U x C®(U 2 ,F) is as 
required. The whole argument above is collected in the following diagram where 
U l B . stands for Ui fl E ' Bi ; 



[7 1 x J7 J 



*^ 2 



fee 



C«(£/ 2 ,F) 




B 2 ' J 



C L "(J7 2 ,F) 



o inclit 



O) Let, conversely, f v : U x C Q {U 2 ,F) be C Q , i.e., C L for all L € £(Q). By the 
description of the structure of C Q ([7, F) in (fTTTO)) the mapping / v : U x -» C L (U 2 ,F) 
is C L . We now conclude that f : U x x U 2 F is C L ; this direction of cartesian 
closedness for C L holds even if i is not of moderate growth, see [TTj, 5.3] and its 
proof. This is true for all L G C(Q). Hence / is C Q . □ 

3.4. Corollary. Let Q be an C-intersectable quasianalytic weight sequence of mod- 
erate growth. Let E, F, etc., be convenient vector spaces and let U and V be 
c 00 -open subsets of such. Then we have: 

(1) The exponential law holds: 

C Q (U,C Q {V,G)) S C Q (U x V,G) 

is a linear -diffeomorphism of convenient vector spaces. 
The following canonical mappings are 

(2) ev : C Q (U, F) x U -> F, ev(f, x) = f{x) 

(3) ins : E -> C Q {F,E x F), ins(x)(y) = (x, y) 

(4) ( ) A :C Q (U,C Q (V 1 G)) ^C Q {U xV,G) 

(5) ( ) v :C Q {U xV 1 G)^C Q {U,C Q {V,G)) 

(6) comp : C Q (F, G) xC Q (U,F)^ C Q (U, G) 
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(7) C Q { , ):C Q {F,F l )xC Q {E ll E)^C Q (c Q {E,F),C Q {E l ,F l )} 

{1,9) "(ftw/oftoj) 

(8) n n cQ ( E i> F i) ^ cQ (n e *> n f ) 

Proof. This is a direct consequence of cartesian closedness (I3.3[) . See [T71 5.5] or 
even [KJ 3.13] for the detailed arguments. □ 

4. More on function spaces 

In this section we collect results for function classes C M where M is either a 
non-quasianalytic weight sequence or an £-intersectable quasianalytic weight se- 
quence. In order to treat both cases simultaneously, the proofs will often use 
non-quasianalytic weight sequences L > M . These are either M itself if M is non- 
quasianalytic or arc in C(M) if M is £-intersectable quasianalytic. In both cases 
we may assume without loss that L is increasing, by (|1.5[) . 

4.1. Proposition. Let M — (M k ) be a non-quasianalytic weight sequence or an 
C-intersectable quasianalytic weight sequence. Then we have: 

(1) Multilinear mappings between convenient vector spaces are C M if and only 
if they are bounded. 

(2) If f : E 2U -> F is C M , then the derivative df : U -> L(E,F) is C M +S 
and also (<i/) A : UxE — > F is C M+1 , where the space L(E, F) of all bounded 
linear mappings is considered with the topology of uniform convergence on 
bounded sets. 

(3) The chain rule holds. 

Proof. (1) If / is C M then it is smooth by (|2.8p and hence bounded by [TS1 5.5]. 
Conversely, if / is multilinear and bounded then it is smooth, again by 5.5]. 
Furthermore, / oi B is multilinear and continuous and all derivatives of high order 
vanish. Thus condition (|2.8I 4) is satisfied, so / is C M . (2) Since / is smooth, by 
[15] 3.18] the map df : U — > L(E,F) exists and is smooth. Let L > M+i be a 
non-quasianalytic weight sequence and c : M — * U be a C L -curve. We have to show 
that 1 1 — * df(c(t)) G L(E, F) is C L . By the uniform boundedness principle [TS1 5.18] 
and by (|2.3[) it suffices to show that the mapping t i— ► c(t) i— » l(df (c(t))(v)) G M 
is C L for each i G F* and v G E. We are reduced to show that x i— > £(df(x)(v)) 
satisfies the conditions of (12. 7|) . By (|2.7|) applied to £ o /, for each L > M, each 
closed bounded absolutely convex i? in E, and each x G U (~l there are r > 0, 
p > 0, and C > such that 

■j^\\d\£o f o i B )(a)\\ LHEB , m <C P k 

for all a G C/ H Eg with ||a - < r and all fe G N. For v e E and those I? 
containing v we then have: 

\\d k (d(£ o /)( )(«)) o iB)(a)\\ Lk(EB . m = \\d k+1 (£ o / o i B )(a)(v, . . . )\\ LHEBiR) 

< \\d k+1 (£ o / o i B )(a)\\ Lk+ i {EBtK) \\v\\ B < C P k+1 (k + l)\L k+1 

= C P ((* + If^pf k\ L k+1 < Cp (2p) k k\ (L +1 ) k 

By g^J) below also (df) A is C* i + 1 . 

(3) This is valid even for all smooth / by [H 3.18]. □ 

4.2. Proposition. Let M = (Mfc) be a non-quasianalytic weight sequence or an 
C-intersectable quasianalytic weight sequence. 
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(1) For convenient vector spaces E and F , on L(E, F) the following homologies 
coincide which are induced by: 

• The topology of uniform convergence on bounded subsets of E. 

• The topology of pointwise convergence. 

• The embedding L{E,F) C C°°(E,F). 

• The embedding L(E,F) C C M (E,F). 

(2) Let E, F, G be convenient vector spaces and let U C E be c°° -open. A 
mapping f : U x F — > G which is linear in the second variable is C M if and 
only if f y : U — > L(F, G) is well defined and C M . 

Analogous results hold for spaces of multilinear mappings. 

Proof. (1) That the first three topologies on L(E,F) have the same bounded 
sets has been shown in [TSJ 5.3, 5.18]. The inclusion C M (E,F) -> C°°(E,F) is 
bounded by the uniform boundedness principle [151 5.18]. Conversely, the inclusion 
L(E,F) — > C M (E,F) is bounded by the uniform boundedness principle (|2.9[) . 

(2) The assertion for G°° is true by [HI 3.12] since L(E, F) is closed in C°°(E, F). 

If / is C M let L > M be a non-quasianalytic weight-sequence and let c : K — > 
U be a G L -curve. We have to show that f v o c is C L into L{F,G). By the 
uniform boundedness principle [HI 5.18] and (|2.3j) it suffices to show that t i— > 
^(/ V (c(i))(w)) = ^(/(c(f),u)) S R is C L for each £ e G* and u G F; this is 
obviously true. Conversely, let / v : U — > i(i 7 ', G) be C M and let L > M be a non- 
quasianalytic weight-sequence. We claim that / : U x F — > G is G L . By composing 
with £ £ G* we may assume that G = M. By induction we have 

d k f(x, w Q )((v k , w k ), . . . , wi)) = d k {f y ){x){v k ,. . . , ui)(too)+ 

k 

+ Y / d k - 1 (f V )(x)(v k ,...,v-,...,v 1 )(w l ) 

i=l 

We check condition (|2.7I 4) for / where x £ K which is compact in U : 

\\d k f(x,w Q )\\ L k iEBxFBlM) < 

k 

< \\d k (.n(x)(. . . )(wo)\\l H E b ,M) + E ¥^n(x)\\L>- H E B MF B ',*)) 

i=l 

k 

< ||d^/ V )(x)|U fe(Efl)i(FB , )R)) ||^o||B'+Ell d ^ 1 (/ V )^)ll^-MSB ) ^ ) R)) 

i=l 

fc 
i=l 

where we used (|2.71 4) for i(is/,R) o / v : U — > L(Fb/,M). Since L is increasing, / 
is G L . □ 

4.3. Theorem. Let Q = (Qk) be an C-intersectable quasianalytic weight sequence. 
Let U C E be c°° -open in a convenient vector space, let F be another convenient 
vector space, and f : U — > F a mapping. Then the following statements are equiv- 
alent: 

(1) / is , i.e., for all L G C(Q) we have f o c is C L for all C L -curves c. 

(2) f\uc\E B '■ Eb 2 U fl £b —* F is for each closed bounded absolutely 
convex B in E. 

(3) For all L G C(Q) the curve f o c is C L for all -curves c. 

(4) 7iv ° / is for all absolutely convex -neighborhoods V in F and the 
associated mapping ttv '■ F — > Fy ■ 
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Proof. This follows from flU} for L := L since C Q := r\ L ec(Q) ° L and C b = 
C\Lec{Q)Ct- 1=1 

4.4. Theorem (cf. [17, 4.4]). Let Q — (Qk) be an C-intersectable quasianalytic 
weight sequence. Let E and F be convenient vector spaces and let U C E be c°°- 
open. Then 

C Q (U,F) = lim C L (M,F) = Km C Q {UC\E B ,F) = Km C L {R,F) 
Lec(Q),cec L bce Lec(Q),sec£ 

as vector spaces with homology, where c runs through all C L -curves in U for L £ 
C(Q), B runs through all bounded closed absolutely convex subsets of E, and s runs 
through all -curves in U for L £ C(Q). 

Proof. This follows by applying lim to (|2.11[) . □ 

4.5. Jet spaces. Let E and F be Banach spaces and A C E convex. We consider 
the linear space C°°(A, F) consisting of all sequences (f k )k €E YikeN C(-<4> L k (E, F)) 
satisfying 

f k (y)(v) - f k (x)(v) = f f k+1 (x + t(y - x))(y - x, v) dt 
Jo 

for all k £ N, x, y £ A, and v £ E k . If A is open we can identify this space with 
that of all smooth functions A — > F by the passage to jets. 

In addition, let M = (Mk) be a weight sequence and (r^) a sequence of positive 
real numbers. Then we consider the normed spaces 

Cg h) (A,F) := {(f k ) k £ C°°(A,F) : \\(f k )\\ (rk) < ^} 

where the norm is given by 

ll(/*)ll(r» - M J f ytli'' ,V f II : * e N,a € € 4 
LfclrfcMfc ||ui|| ||ufc|| J 

If (rjfe) = for some p > we just write p instead of (r^) as indices. The spaces 
CM^A, F) are Banach spaces, since they are closed in £°°(N, l°°(A, L k (E, F))) via 

(/*)*-> lOT/")- 

If A is open, C°°(A, F) and Cj~(A,F) coincide with the convenient spaces 
treated before. 

4.6. Theorem (cf. [17, 4.6]). Let M = (Mk) be a non- quasianalytic weight sequence 
or an C-intersectable quasianalytic weight sequence. Let E and F be Banach spaces 
and let U C E be open and convex. Then the space C M (U,F) = C^f(U,F) can be 
described bornologically in the following equivalent ways, i.e., these constructions 
give the same vector space and the same bounded sets 

(1) lim lim C^(W,F) 

K p.W 

(2) limlimC™ (K,F) 

(3) Jim Cf? k) (K,F) 

K,(r k ) 



Moreover, all involved inductive limits are regular, i. e. the bounded sets of the in- 
ductive limits are contained and bounded in some step. 

Here K runs through all compact convex subsets of U ordered by inclusion, W 
runs through the open subsets K C W C U again ordered by inclusion, p runs 
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through the positive real numbers, (rfc) runs through all sequences of positive real 
numbers for which p k /rk — > for all p > 0. 

Proof. This proof is almost identical with that of jTTl 4.6]. The only change is 
to use (|2.7p and (|4.3[) instead of [TTJ 3.9] to show that all these descriptions give 
C M (U,F) as vector space. □ 

4.7. Lemma (cf. \17\ 4.7]). Let M be a non-quasianalytic weight sequence. For 
any convenient vector space E the flip of variables induces an isomorphism 
L(E, C M (R, R)) = C M (R, E') as vector spaces. 

Proof. This proof is identical with that of [T71 4.7] but uses (|2.9p instead of [TTj, 
4.1] and (HU) instead of Q21 3.5]. □ 

4.8. Lemma (cf. |17[ 4.8]). Let M = (M&) be a non-quasianalytic weight sequence. 
By A M (R) we denote the c°° -closure of the linear subspace generated by {ev t : t G R} 
in C M (R,R)' and let 5 : R -> A M (R) be given by t^ev t - Then A M (R) is the free 
convenient vector space over C M , i.e. for every convenient vector space G the C - 
curve 5 induces a bornological isomorphism 

S* : L(\ M (R),G) * C* M (R,G). 

We expect A M (K) to be equal to C M (R,R)' as it is the case for the analogous 
situation of smooth mappings, see [HI 23.11], and of holomorphic mappings, see 
[33] and [21]. 

Proof. The proof goes along the same lines as in [15l 23.6] and in [8j 5.1.1]. It is 
identical with that of [H 4.8] but uses ([23]) . (|23)) . and P~2")) in that order. □ 

4.9. Corollary (cf. [TTJ 4.9]). Let L = (Lk) and V = (L' k ) be non-quasianalytic 
weight sequences. We have the following isomorphisms of linear spaces 

(1) C°°(R,C L (R,R)) C i (R,C°°(R,R)) 

(2) C W (R,C L (R,R)) ^ C i (R,C" i '(R,R)) 

(3) C L '(R,C L (R,R)) = C L (R,C L '(R,R)) 

Proof. This proof is that of [TTl 4.9] with other refernces: For a 6 {oo,u,L'} we 
get 

C L (R,C Q (R,R)) L(A L (R),C"(R,R)) by gl]) 

^ C*"(R,L(A L (R),R)) by |T7D, [15., 3.13.4, 5.3, 11.15] 
= C* Q (R,C L (R,R)) bv fOll . □ 

4.10. Theorem (Canonical isomorphisms). Let M — (M^) be a non-quasianalytic 
weight sequences or an C-intersectable quasianalytic weight-sequences; likewise 
M' = (M'f.). Let E, F be convenient vector spaces and let Wi be c°°-open sub- 
sets in such. We have the following natural bornological isomorphisms: 

(1) C M (W 1 ,C M '(W 2 ,F))^C M '(W 2 ,C M (W 1 ,F)), 

(2) C M (Wi,C°°(W2,F)) ^C°°(W 2 ,C M (Wi,F)). 

(3) C M (W 1 ,C^(W 2 ,F)) ^C^{W 2 ,C M (W 1 ,F)). 

(4) C M (W 1 ,L(E,F))^L(E,C M (W 1 ,F)). 

(5) c M (w 1 ,e oo (x,F))^e oo (x,c M (w 1 ,F)). 

(6) C M (^,/:ip fc (X,F)) ^£ip k (X,C M (W 1 ,F)). 

In (5) the space X is an £°° -space, i.e. a set together with a homology induced by 
a family of real valued functions on X , cf. 8, 1.2.4]. In (6) the space X is a Cip - 
space, cf. [51 1.4.1]. The spaces £°°{X,F) and £ip k (W,F) are defined in 3.6.1 
and 4.4.1]. 
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Proof. This proof is very similar with that of [TTJ 4.8] but written differently. Let 
C 1 and C 2 denote any of the functions spaces mentioned above and X\ and X 2 
the corresponding domains. In order to show that the flip of coordinates /•—>/, 
C 1 (X 1 ,C 2 (X 2 ,F)) -> C 2 (X 2 ,C 1 (Xi,F)) is a well-defined bounded linear mapping 
we have to show: 

• f{ x 2) G C l {X\,F), which is obvious, since /(a^) = ev X2 0/ : X\ — > 
C 2 (X 2 ,F)^F. 

• / 6 C 2 (X 2 ,C 1 (Xi,F)), which we will show below. 

• / 1— ► / is bounded and linear, which follows by applying the appropriate 
uniform boundedness theorem for C 2 and C 1 since / 1— > ev Xl o ev X2 0/ = 
ev^ o ev Xl of is bounded and linear. 

All occurring function spaces are convenient and satisfy the uniform 5-boundedness 
theorem, where S is the set of point evaluations: 

C M by lOnjl and 1(55]) . 
C°° by [Tg 2.14.3, 5.26], 
C" by [HI 11.11, 11.12], 
L by ^15, 2.14.3, 5.18], 
f 50 by [13 2.15, 5.24, 5.25] or 3.6.1 and 3.6.6] 
£ip fc by [SI 4.4.2 and 4.4.7] 

It remains to check that / is of the appropriate class: 

(1) follows by composing with the appropriate (non-quasianalytic) curves C\ : 
R — > Wi, C2 : R — > W 2 and A G F* and thereby reducing the statement to 
the special case in (|4.9I 3). 

(2) as for (1) using (Oil). 

(3) follows by composing with c 2 G C^ 2 (R, W 2 ), where /3 2 is in {00, w}, and with 
C L (ci,A) : C M (Wi,F) -> C* L (R,R) where c x G C L (R,W 1 ) with L > M 
non-quasianalytic and A G F* . Then C L (ci , A) o / o c 2 = (C@ 2 (c 2 , A) o / o 
ci)~ : R -> C* L (R,R) is by ijOl l) and gH2), since C ft (c 2 , A) o / o c x : 
R -► Wi -> C"(W^ 2 ,F) -> C^(R,R) is C L . 

For the inverse, compose with ci and C^(c 2 , A) : C*"(W 2 ,.F) -> C^^R). 
Then C*(c 2) A) o /o a = (C L (a,X) ° f ° c 2 )~ : R C & (M,R) is C L 
by l|011) and l|Ol2). since C L (ci,A) o / o c 2 : R -> VF 2 -» C^Wi.F) -> 
C L (R,R) is C & . 

(4) since L(E, F) is the c°°-closed subspace of C M (E, F) formed by the linear 
C M -mappings. 

(5) follows from (4), using the free convenient vector spaces ^(X) over the 
f°-space X, see [SI 5.1.24 or 5.2.3], satisfying g°°(X,F) = L(£ 1 (X),F). 

(6) follows from (4), using the free convenient vector spaces X k (X) over the 
£ip fc -space X, satisfying Cip k (X,F) = L(X k (X),F). Existence of this free 
convenient vector space can be proved in a similar way as in (|4.8[) . □ 



5. Manifolds of quasianalytic mappings 

For manifolds of real analytic mappings |14j we could prove that composition 
and inversion (on groups of real analytic diffeomorphisms) are again by testing 
along C°°-curves and C^-curves separately. Here this does not (yet) work. We have 
to test along C L -curves for all L in C(Q), but for those L we do not have cartesian 
closedness in general. But it suffices to test along C"^-mappings from open sets in 
Banach spaces, and this is a workable replacement. 
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5.1. C^-manifolds. Let Q = (Qk) be an £-intersectable quasianalytic weight se- 
quence of moderate growth. A (7^-manifold is a smooth manifold such that all chart 
changings are C"2-mappings. Likewise for C"5-bundles and Lie groups. Note 
that any finite dimensional (always assumed paracompact) C°°-manifold admits a 
C^-diffeomorphic real analytic structure thus also a C"^-structure. Maybe, any 
finite dimensional C"^-manifold admits a C^-diffeomorphic real analytic structure. 
This would follow from: 

Conjecture. Let X be a finite dimensional real analytic manifold. Consider the 
space C®(X, M.) of all -functions on X, equipped with the (obvious) Whitney 
C Q -topology. Then C W (X,R) is dense in C Q (X,R). 
This conjecture is the analogon of [TU1 Proposition 9]. 

5.2. Banach plots. Let Q = (Qk) be an £-intersectable quasianalytic weight 
sequence of moderate growth. Let X be a C^-manifold. By a -plot in X we 
mean a C"^-mapping c : D — » X where D C E is the open unit ball in a Banach 
space E. 

Lemma. A mapping between -manifolds is if and only if it maps -plots 
to C Q -plots. 

Proof. For a convenient vector space E the c°°-topology is the final topology for 
all injections Eb E where B runs through all closed absolutely convex bounded 
subsets of E. The c°°-topology on a c°°-open subset U C E is final with respect 
to all injections Eb H U — > U. For a C^-manifold the topology is the final one 
for all C*^ -plots. Let / : X — > Y be the mapping. If / respects C^-plots it is 
continuous and so we may assume that Y is c°°-open in a convenient vector space 
F and then likewise for X C E. The (affine) plots induced by X n Eb C X are 
. By definition / is C Q if and only if it is C L for all L £ C(Q) and this is the 
case if / is C L on X n E B for all B by (gUJ). ' □ 

5.3. Spaces of C^-sections. Let p : E — > B be a vector bundle (possibly 
infinite dimensional). The space C®(B <— E) of all C^-sections is a convenient 
vector space with the structure induced by 

CQ(B ^ E) ^J[cQ(u a (U a ),V) 

a 

s i— ► pr 2 o-0 Q o s o u~ 

where B D C/ Q "° > u a (U a ) C If is a C Q -atlas for B which we assume to be 
modeled on a convenient vector space W , and where ?p a : F|[/ Q -t[/ a xl/ form a 
vector bundle atlas over charts U a of B. 

Lemma. Let D be a unit ball in a Banach space. A mapping c : D — > C®(B <— F) 
is a C"^ -p/o< z/ and onZy if c^ : D x B ^ E is . 

Proof. By the description of the structure on C®(B <— E) we may assume that 
B is c°°-open in a convenient vector space W and that F = B x V. Then we have 
C®(B <— F x V) = C Q (_B,T^). Thus the statement follows from the exponential 
law (|53]) . □ 
Let [/ C £ be an open neighborhood of s(F) for a section s and let q : F — > F 
be another vector bundle. The set (F <— U) of all C^-sections s' : B — > F with 
s'(F) C f is open in the convenient vector space C®(B ^ F) if F is compact. 
An immediate consequence of the lemma is the following: If U C F is an open 
neighborhood of s(B) for a section s, F — > F is another vector bundle and if 
/ : J7 -> F is a fiber respecting C Q -mapping, then /* : C Q (F <- f7) -> C Q (B <- F) 
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is on the open neighborhood C Q (B <— U) of s in C®(B <— E). We have 
(d(f*)(s)v) x = d(f\ unE J(s{x))(v(x)). 

5.4. Theorem. LetQ = (Qk) be an C-intersectable quasianalytic weight sequence of 
moderate growth. Let A and B be finite dimensional -manifolds with A compact 
and B equipped with a Riemann metric. Then the space C^(A,B) of all - 
mappings A — > B is a -manifold modeled on convenient vector spaces C®{A *— 
f*TB) of -sections of pullback bundles along f : A — > B. Moreover, a mapping 
c: D -> C Q {A, B) is a C Q '-plot if and only if c A : D x A -> B is C Q . 

If the C^-structure on B is induced by a real analytic structure then there exists 
a real analytic Riemann metric which in turn is C®. 

Proof. C^-vector fields have C^-fiows by [13]; applying this to the geodesic spray 
we get the exponential mapping exp : TB D U — > B of the Riemann metric, 
defined on a suitable open neighborhood of the zero section. We may assume that 
U is chosen in such a way that (ttb, exp) : U — > B x B is a C^-diffeomorphism onto 
an open neighborhood V of the diagonal, by the inverse function theorem due 
to [12] . For / e (A, B) we consider the pullback vector bundle 

A x TB * 5 A x b TB = f*TB ^L*. TB 

S'^B 

A — >- B 

Then the convenient space of sections C®(A <— f*TB) is canonically isomorphic 
to the space C Q (A, TB) f := {h G C Q (A, TB) : ir B o h = /} via s i-> (rr^/) o s and 
(Ma, ft-) <h ft- Now let 

17/ := {g G C Q (,4, S) : {f(x), g(x)) £ V" for all x G A}, 

u f : Uf — » C Q (A <— f*TB), 

Uf(g)(x) = (x,expj^ x) (g(x)j) = (x, ({n B , exp) -1 o (f,g))(x)). 

Then u/if/j^fse C Q (,4 <- f*TB) : s(A) C /*[/ = (tt^/) -1 (?7)} is a bijection 
with inverse uj (s) = exp o(ir B f) os, where we view [7 — > £> as a fiber bundle. The 
set Uf(Uf) is open in C®(A <— f*TB) for the topology described above in (|5.3j) 
since A is compact and the push forward Uf is since it respects C^-plots by 
lemma (|5.3[) . 

Now we consider the atlas (Uf,Uf)f e cQ(A,B) f° r C"^(A, £?). Its chart change 
mappings are given for s £ u g {U / fl U g ) C C"3(A <— g*TB) by 

("/ ° u g = ( Id A, (ttb, exp) -1 o (/, exp o(iv* B g) o s)) 

= O/ 1 ot 9 )*(s)> 

where T 9 (x,i^( a )) := (x, exp g , x \(Y g ( x ))) is a C^-diffeomorphism r g : g*TB D 
g*U — > (g x Ids) -1 (V r ) C A x £> which is fiber respecting over A. The chart 
change uj o w~ 1 = (t^ 1 o r g )* is defined on an open subset and it is also C"^ since 
it respects C^-plots by lemma (|5.3I) . Finally for the topology on C®(A, B) we take 
the identification topology from this atlas (with the c°°-topologies on the mod- 
eling spaces), which is obviously finer than the compact-open topology and thus 
Hausdorff. 

The equation ujou^ 1 — (t^otj), shows that the C^-structure does not depend 
on the choice of the Riemannian metric on B. 

The statement on C"^-plots follows from lemma (|5.3p . □ 
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5.5. Corollary. Let A\,A 2 and B be finite dimensional -manifolds with A\ and 
A2 compact. Then composition 

CQ(A 2l B)xC Q (A ll A 2 )^C Q (A ll B), (/,<?) ^/°<? 

is . However, if N = (N k ) is another weight sequence (C-intersectable quasian- 
alytic) with (N k /Q k ) 1 ' k \ then composition is not C N . 

Proof. Composition maps C^-plots to -plots, so it is . Let A\ = A 2 = S 1 
and B = R. Then by [13 Theorem 1] or [13 2.1.5] there exists / e C Q {S 1 ,M) \ 
C (S 1 , R). We consider / as a periodic function R — > R. The universal covering 
space of C ( ^(S 1 , S 1 ) consists of all 27rZ-equivariant mappings in C"^(R, R), namely 
the space of all g + Id R for 27r-periodic g E C Q . Thus C Q (S\ S 1 ) is a real analytic 
manifold and 1 1— ► (x 1— ► a; + i) induces a real analytic curve c in C ( ^(S 1 , S" 1 ). But 
/* o c is not C N since: 

(^| t=0 (/,Oc)(t))(x) = 0*|t=o/(s + *) = fW( X ) 

k\p k N k k\p k N k k!p k N k 

which is unbounded in k for i in a suitable compact set and for all p > 0, since 

/ i c N . □ 

5.6. Theorem. LetQ = (Q k ) be a, C-intersectable quasianalytic weight sequence of 
moderate growth. Let A be a compact (=$■ finite dimensional) -manifold. Then 
the group Diff (A) of all -diffeomorphisms of A is an open subset of the C®- 
manifold (A, A) . Moreover, it is a -regular Lie group: Inversion and 
composition are . Its Lie algebra consists of all -vector fields on A, with the 
negative of the usual bracket as Lie bracket. The exponential mapping is . It is 
not surjective onto any neighborhood of I<1a . 

Following [IE], see also [23 38.4], a C^-Lie group G with Lie algebra q = T e G 
is called C"^-regular if the following holds: 

• For each C Q -curve X e C Q (R,g) there exists a C Q -curve g e C Q (R, G) 
whose right logarithmic derivative is X, i.e., 

5(0) = e 

d t g(t) =T e (pa(t)) X (t)=X(t).g(t) 

The curve g is uniquely determined by its initial value 5(0), if it exists. 

• Put evol^(X) = g(l) where g is the unique solution required above. Then 
evolg : C"2(R, g) — > G is required to be C"^ also. 

Proof. The group Diff Q (A) is open in C®(A, A) since it is open in the coarser C 1 
compact-open topology, see [HI 43.1]. So Diff ^ (A) is a C^-manifold and compo- 
sition is by (|5.4p and ()5.5|1 . To show that inversion is let c be a C^-plot 
in BiS Q (A). By (El} the map c A : D x A -> A is C Q and (invoc) A : D x A -> A 
satisfies the Banach manifold implicit equation c A (t, (inv o c) A (t, x)) = x for x £ A. 
By the Banach C"^ implicit function theorem J3EJ the mapping (invoc) A is lo- 
cally C Q and thus C Q . By ([5~4]) again, invoc is a C Q -plot in Diff Q (yl). So 
inv : Diff Q (A) -> Diff Q (A) is C Q . The Lie algebra of Diff Q (A) is the convenient 
vector space of all C"^-vector fields on A, with the negative of the usual Lie bracket 
(compare with the proof of 15, 43.1]). To show that Diff ^ (A) is a C^-regular Lie 
group, we choose a C^-plot in the space of C^-curves in the Lie algebra of all 
vector fields on A, c : D ^ C Q (R, C Q (A <- TA)). By lemma ([53)1 c corresponds to 
affix R)-time-dependent C Q vector field c AA : D x R x A -> TA. Since C Q -vector 

fields have C^-flows and since A is compact, evol r (c A (s))(i) = Fl£ ^ is C"^ in all 
variables by [27]. Thus Diff Q (A) is a C Q -regular C Q Lie group. 
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The exponential mapping is evol r applied to constant curves in the Lie algebra, 
i.e., it consists of flows of autonomous C"^ vector fields. That the exponential map 
is not surjective onto any C^-neighborhood of the identity follows from [TSl 43.5] 
for A = S . This example can be embedded into any compact manifold, see [9]. □ 
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